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Minimum Weight MWpm
Perfectmatching

Consider bipartite graph
with IAI IBI E
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edge it costs Cij
ER

I tl
B
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by allowing Cijas
can assume

C is complete bipartite graph

Application n machines

n tasks costs Cij for
skj

today Hungarianalgorithm

uses linear programming

is strongly polynomial line

steps independent of sizes
of

Gj polynomial in n



Linearlinteger programs
First express problem

as integer

prograrm

Associate vector
with matching

incidence of matching M
is vector x s t

iii
it is em

0 else

confusingly also a matrix

E.g
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note X permutation matrix

Intgerpree gram
Ip

min weight perfect matching
has cost

min CijXij objective

subject to

qxij
lv.ie A III

constraints

Exist
tie B

Xii O Viet JEB

xijc ZVi.BY
not linear program

Any solution to IP is validmatchiy
vice versa



Linear program Lp
Get linear program

P by

dropping integrality
constraint

miu E CijXij

subject to Xij I t it A

i

Called the linear programming
of therelaxation integer program



Say feasible if satisfies

constraint
not all

feasible
x are matchup

xii can
be fractional

CE

Setof feasible
solutions Kasim

is a polytope komthedron

t
a

ron pd



p

optimum of a linear function
will occur at an

extreme point corner

EI if e a

minimizesc.xoverp.lyop



E oit x of setQ is point

that can't be written as

dy ta d z he 92

for y Z E Q X 7

c 2
3 Y

t Z

Q z Ineottremet

more on this when we get to

polyhedral combinatorics

Ingeneral extreme points

need not be integral
even if constraints all have



coefficients in
o I3

Nosurprisey LP solvable in

polynomial time I P Np hard

Say Zep value of some IP

2 up
value of its relaxation

In general
Z Ip F Z Lp

But IP is more constrained so

ZIP 2 Zip
for minimization problems



M oreover if X is

optimum for LP and

integral then X opt for Ip

E ies L
prove

this rt

2 find example
whereZIP
ftp.T

tmatohTig we are

Lucky Constraints special

Consider the polytope P



cutout by constraints of Cp

x sit

P
xij l tie A

Xii't tje B

Xii O Viet JEB

theorem every
extreme point of P
is integral



in particular is a O I

vectorand hence is the

incidence matrix of P
M

We give
2 proofs

I algorithmic today

2 algebraic later

uses totalunimodiarity

First duality for LP's
informal version



LPduality

Dudof CP familyof
obstructions for fp to

have small value
miu E

cijxij.ae
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obstruction Values t
Ui IEA
v j je B

s t Ui t Vj E Cij tie A
V JEB

Thee for any matching M

EEnis FEL Y Efit E

ZIP 2 D this value
is our

obstruction



want to maximize this value

doing this gives us the dual D
of CP

a

In feet Eau it pjj
is

not just a lower band on

M but on P
Zip Zip
KD



Indeed we can calculate

CijXij 3
ChitVj Xij

hi Xii tifixij
32

i i

Evj EXijjets it A

constraint

fitfEp
n p

is example of more



ample of
general recipe for taking dual

of LP's primal
linear program

summaries v

ini imam

integer zma Enuit
program

ppg.dyhedron
RecalliusedT

whenequality Efim Efim

M mustonly have edges Ci j s.t

Cif Uit Vj
complementary slackness in LP lingo



Let wit Cij ni Vj

Are matchings on Ci j wij o but

no guarantee they are perfect

primal duat alg uses such

Caon perfect matchings to update

dual solution Ui Vj

Primal Duat
Outline

2 start w any dual

need feasible
solution

uit v j Ecii u o
V min Cii

hidoue
alas



2 In any iteration alg
has dual fears Sohn

wU V
ew Cii Ui Vj

3 Want a matching on

E Eis wii 03
Use cardinality matchingchiyM
alg to outputtarget in E

If M perfect
is

optimal by complementary
slackness

If not use the

vertex cover output

my alg to find

new dual feasible
solve w larger value



Details of step 3

Suppose
M not perfect

Recall set L output by
the aug paths algorithm

c

A L B L

A
a

B

c AL LIU BAL is optimal

vertex corner of E



tnpa lan o no edges
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updating UN set

cos

A L B L

j E

Ui Vj

A

7 BAL

AAL constraints

uitviecij



formallyji
gu

i c A L

h simplex
U t f ie AAL

Y us
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New solution is feasible
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Thus dual value increases

Repeat
until termination

then M is perfect done

MTU for any
extreme pt x can choose e

to make A unique optimum

ZIP c Z Lp
P has integral
extreme pts

for all c
Ms



Termi how

do we know it

terminates
mum

Recall def of L

µ
E

mo

everything reachable from
exposed in A



posed
claim New vertex jeBreachable

so ni mi i I
E Ciii wife03

A L B L

j E

A
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a
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Am

thus in a Iz iterations either



Analysis
outer loop matchings M

ifM perfect is exposed

vertex in B

tuner
each time u v change
71 edge added h E

Z 1 new vertex of B
reachable Thus need to

change dual Enz times
before exposed vertex
reached Once this

happens can increase 1M

find new larger M either M

perfectCd or re enter inner

hcg



gtnrerkf.pcaipphmagaEE.ithmsnouterl.IT

E E o iterations

Total running time

0Cn4
ble takes 0cm time

to compute L It

E se By tracking

more carefully
how L

changes show Off



Reward stronglypolynomal
time poly in n assuming

arith operations free

and that spade to

run algorithm is poly
in

inputs


